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Variational Inequality
Definition (Stampacchia Vls)

Find z* € Z such that (F(z*),z — z") + g(z) — g(z*) >0, Vz € Z,

where F : RY — R? is some operator and g is a proper convex lower
semicontinuous function.

Definition (Minty VIs)

Find z* € Z such that (F(z),z — z*) + g(z) — g(z") > 0, Vz € Z,

where F : RY — R? is some operator and g is a proper convex lower
semicontinuous function.
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Variational Inequality: facts

e Two formulations are equivariant for smooth monotone operators.

® In the case when g =0 and Z = RY, then VI is equal to

Find z* € Z such that F(z) = 0.
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Variational Inequality: examples

® Minimization:

in f(z).
zng]and (Z)
def
We take F(z) = Vf(z).

® Saddle point problem:

min min g(x,y).
xERx yE]RdY

def
Here F(Z) = F(X7Y) = [ng(x,y),—vyg(x,y)].
® Fixed point problem:

Find z* € RY such that T(z*) = z*,

where T : R? — R9 is an operator. We take F(z) = z — T(=2).
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Variational Inequality: classical examples

® Game theory and economy (comes from von Neumann). Simple
example — matrix game (bilinear sadddle point problem on simplexes):

min max x' Ay,
XGAdeEAdY

where A — cost matrix, x u y — probability of actions.

® Constrained optimization and Lagrange multipliers.
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Variational Inequality: ML example

® From classical minimization problem:

n

min 1 Z I(f(xi, 2), i),

dn
zeR i—1

where {x;, y;}7_; — data, f — model z, | - loss.

® To robust formulation via saddle point problem:

1 n
min max — I(f(x; + 6i,2), vi),
zeRdIIJ;IISeI‘I; ( ( i i ))/l)

where §; — adversarial noise.
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Variational Inequality: GANs

® GAN represents two models generator G and discriminator D.

® D takes an element x as input and determines whether this element is
real (from a data sample) or artificially generated by the generator.

® The generator is given some random vector z as input, from which the
generator constructs a "fake" instance similar to the real sample.

® Formally, the GAN training problem is formulated as a saddle point
problem:

mGin mDaX V(D’ G) = IEerpdam(x)[log D(X)] + IEz~pz(z)[|0g(1 - D(G(Z)))]
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Variational Inequality: method

e \We know what to do with:

min f(z).

z€Rd

Gradient descent:
2 = 2K A VF(ZN).

® \What to do with VIs and saddle point problems? The same idea —
descent-ascent:
2K = kK yF(Z5).
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Variational Inequality: method

® The idea of descent-ascent isn’t bad and often works, but physical
intuition tells that it has some not-so-pleasant aspects.
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Variational Inequality: method

® The idea of descent-ascent isn’t bad and often works, but physical
intuition tells that it has some not-so-pleasant aspects.

® Consider minycr max,cr xy. With starting point (1,1). Where is the
solution? Point (0, 0).
. ng(xkvyk) H xk—x* .
e Vector: (—vyg(xk,yk)) is always orthogonal to (ykfy*)' What does it
means? Method diverges.

® |ntuition is not strict, but it can tell us to try something a little
different.
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Variational Inequality: Extragradient method

Algorithm Extragradient method

Bxop: stepsize v > 0, staring z° € RY, number of iterations K
1: for k=0,1,...,K—1 do
2: Zk+1/2 — Zk vF (%)
3 2Kt = Zk — yF(ZKH1/?)
4: end for

It is easy to check that for this method on the problem min,cr max,cr xy,
the directions of the final step in the scalar product with the direction to
the solution gives a number greater than 0, hence an acute angle.
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Contemporary challenges

® Exponential growth in model sizes and data volumes.

model size (million of parameters

P13
175,000M

I T D | |
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Figure: Dynamics of growth of modern language models
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Training dataset size (datapoints)

Publication date

Figure: Dynamics of dataset growth
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Varieties of distributed learning

e Cluster learning (large players): we train within one large and powerful
computing cluster

e Collaborative learning (all players): pooling computing resources over
the Internet

® Federated learning (another paradigm): learn on users’ local data
using their computational power

Figure: Federated learning
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The most popular distributed setup

® Formulation (horizontal):

1 M M
F(z)i= 25 > Fl2) Z Bep, [Fn(2,€)]
m=1 m=

® The problem is shared among M computing devices, each device m
has access only to its own operator F, or its stochastic realization.
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Communication setups

Centralized network Decentralized network
Figure: Centralized and decentralized connections
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Communicating through the server

® | et us look at an example of how Extragradient becomes centralized.

Algorithm Centralized Extragradient

Bxop: Stepsize v > 0, starting point zg € RY, number of iterations K
1: for k=0,1,....K—1 do

2: Send z* to all workers > by server
3: for m=1,..., M in parallel do

4: Recieve z¥ from server > by workers
5: Compute Fp(2¥) in z¥ > by workers
6: Send F,(z") to server > by workers
7 end for

8: Recieve F,(z*) from all workers > by server
9:  Compute F(z¥) = L S°M | F.(z¥) > by server
10: ZKH1/2 = 2k — yF(Z¥) > by server
11: Similarly for z<+1

12: end for

® |n the decentralized setting, it does not work, there is no server.
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e Assumption 1. F,, is Lipschitz with constant L, i.e. forall z;,2, € Z
1Fm(21) = Fm(22)|| < L||z1 — 22]|.

(smoothness)

e Assumption 2. F,, is strongly monotone with constant p, i.e. for all
Z1,2p € Z

(Fin(21) — Fm(22), 21 — 22) > pl|z1 — 22|

(strong convexity and strong-convexity-strong-concavity)

e Assumption 3. (for decentralized setting) F, is stored locally on its
own device. All devices are connected in a network (undirected may be
time-varying graph Gg(Vx, Ek) with max diameter A and max
condition number x of Laplace matrix).
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Deterministic case

Stochastic: bounded variance
Stochastic: finite sum
Compression

Similarity

Similarity + compression
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Deterministic case

® \We can compute full F,, on each device:
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Lower bounds for distributed algorithms with K communications.

centralized
VIs Q (Rg exp (— 322“))
Minimization (exists) Q (Rg exp (‘@))

decentralized (fixed network)

Vis Q (Rg exp (—lf%())
Minimization (exists) Q (Rg exp (_ \/\/Zﬁ\;;»

decentralized (time-varying network)

VIs

2 (R oo (—2))

Minimization (exists)

Q (Rg exp (—

i)

Table: Lower bounds for distributed Vls:

Aleksandr Beznosikov

On Distributed Variational Inequalities

17 January 2024 19 / 47



Lower bounds

® No "problem" acceleration (unlike minimization) since Vls is a broader
class of problems

® No "network" acceleration in the time-varying setting
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Lower bounds: idea

® Problem:
filx,y) =
fmn(x,y) = { f(x,y) =
fa(x,y) =

where e; = (1,0

A

® Network — chain

Aleksandr Beznosikov

M

2
2[B4] éXTAly + %HX”2 - %||Y||2 + 2\1\55,\ ’ éTLelTYa me By
st 5% Aoy + 5lIxI17 = Sy I3, me B
%HX||2 - %||YH27 otherwise

...,0) and
-2
1 0
1 -2
1 -2
1 0
1
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Optimal algorithms

® |n the centralized case, just Centralized Extragradient

® |n the decentralized case, we can simulate server communication via
gossip procedures.

Algorithm FastMix

Parameters: Vectors zi, ..., z)y, communic. rounds P.

Initialization: Construct matrix z with rows z/, ...,z,&,

Loz, 20 = 7, = VN0
1+4/1-2A3(W)
for h=0,1,2,...,P—1 do
2 = (14 n)Wzh — nzh-1,
end for
Output: rows zy, ..., zy of z° .

choose z~
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Stochastic setting: bounded variance

® We can compute only stochastic realizations F,(z, &) for each device:

M M
Z Fm(z) = Z Eep,,[Fm(z, €)1
m:l

m=1

® Assumption. Fp(z,£) is unbiased and has bounded variance, i.e. for
alze 2

E[Fm(z,)]=Fm(2), ElllFn(z,€)~Fm(2)|*] <.
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Lower bounds for distributed algorithms with K communications and T
local computations (T > K).

centralized
Vis Q (Ro exp ( 32”K) + H2OI\ZT)
Minimization (exists) Q <R0 exp <_I%LK) + M2O'I\2/,T>
decentralized (fixed network)
Vis Q (Rg exp < IE?}K> + MUA; )
L
7))

Minimization (exists) Q (RS exp (_ f\{\;; +

decentralized (time-varying network)
2 128uK 2
VIs Q (RO exp (— I ) + W)

Minimization (exists) Q <R§ exp (—%) + l;%)
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Lower bounds: idea

e Consider

. _ﬁ _ 2
min f(x) = 5 (x = x0)°,

where we do not know the constant xp # 0.

e Using stochastic first order oracle

2
Vi(x,&) = p(x+ & — x0), where £ € N (0, 22) )
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Optimal algorithms: centralized

Batching as additional idea to the deterministic algorithm

Algorithm 1 Centralized Extra Step Method

Parameters: Stepsize 7 < ﬁ; Communication rounds /X', number of local steps 7.
Initialization: Choose (2°,4") = 2" € 2,k = | £ | and batch size b = | £ |.
fort =0,1,2,..., k do

for each machme m do
to 2togt i), s t
Im = % Z Fr(2', €L}, send gl
on server:

M
JA+1/2 H St 0l t o ~t+1/2
22 = proj 4 (= — % 2 Um)» sendz 2,

m=1

for each machme m do

t+1/2 t+1/2,i 1+1/2
gt = 3 ZF L2 BP0 gend gh2,

on server:
t+1/2 . t+
2 = projg (2 — & Z gm '7), send z'*1
m=1
end for

Output: zF 1 or zF+1

~avg *
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Optimal algorithms: decentralized

Algorithm 2 Decentralized Extra Step Method

Parameters: Stepsize 7 < ﬁ: Communication rounds /&', number of local calls 7.
Initialization: Choose (20, 3°) = 2° € 2. 20 = 2, k = | £ | and batch size b = | L |.

m

for each machine m do
b
t _ 1 et StHL/2 g
I9m = % Z Fm “m:Sm ) “m “m ym

communication
~t+1/2 ~f12 2t+1/2 ~t+1/2
:1+ 2 +/ = FastMix (2, " / sy (TUH),
for Cd?h dehInC m d0
_t+1/2 2
Zm = P"Uz( Zm )
t+1/2 E1/2 t41/2,
g2 me Pl ep D)
st+1 _ ot t+1/2
"’n:r = Zm — V9gm
communication
st+1 1 _ BactMix (51 st+1
2T L2y =FastMix (277, L 20 L H),
for each machine m do
P st+1
= projz ().
end for
. shk+1 sk+1
Output: =57 or Z;, .
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Stochastic case: finite-sum

® \We can compute full F,, on each device:

1 U 11
F(2) =1 mZlFm(Z) = mzl n 2 Fim,i(2)

® But we don't want to do it since expensive, we compute only random
part Fp, ;.
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Lower bounds for distributed algorithms with K communications and T

local computations.

centralized
Vis Q <R§ exp < 32“K> + R2 exp ( 1\%‘5))
ik )

e . . 2 VEK
Minimization (exists) Q (Ro exp < NG ) + R3 exp ( NN
decentralized (fixed network)
Vis Q (Rg exp (— 1%?}‘;) + Rg exp (
e . . 2 _ JEK 2
Minimization (exists) Q (Ro exp ( ﬁ\/i) + Ry exp ( NG

decentralized (time-varying network)

A

[
()]

=

=X

S~ N—
~ N —

S

Vis Q (Rg exp < 128“K> + R exp ( 16“LK>>
Minimization (exists) Q <Rg exp <—%) + R2 exp (— ﬁﬁ))
17 January 2024 29 /47
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Lower bounds: idea

® Double separation

® Random choice of batch
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Optimal algorithms: non-distributed with bathching

® New variance reduction algorithm

Algorithm 4

1: Parameters: Stepsizes 77 > 0, momentums c, -y, batchsize b € {1,...,n}, probability p € (0,1)
0

2: Initialization: Choose 2° = w° € domg. Putz7! =20, w1l = w
3: fork =0, l 2...do

4 Sample jF, ..., jf independently from {1,...,m} uniformly at random

5: qk_{jl,...,jb}
6: k =} Ljest (F (z*) = Fj(w*1) + a(Fj(z*) - Fj(=*1))) + F(w*)
7: +1 = prox g(m —l—'y('wk —zk) nA )
6wl — {Ik“, with probability p
wk, with probability 1 — p
9: end for

Aleksandr Beznosikov On Distributed Variational Inequalities 17 January 2024 31/47



Optimal algorithms: fixed network

Algorithm 1

1: Parameters: Stepsizes 7,6 > 0, momentums «, 5,7,
batchsize b € {1, ..., n}, probability p € (0,1

2: Initialization: Choose z° = w® € (domg), y° €
LE Putz l=20wl=wl y 1 =y0

3: fork—O,l,Q do

Sample j¥, ..., jfn!b independently from [n]

Sk_ {]m 15 7jmb}

k+1/2 k+1/2

Sample j,, 1 '", ..., 7, independently from [n]

k+1/2 k+1/2
sk+1/2={gm,1/ : %y

SR
6 = 1 3 cor (Fi(2) — Fy(wh )

+olF; () ~F (1)) ) + F(wh)
9:  AF =gk — (yF 4 a(y* —yF 1))
10 zktl = proxng(zjc +y(wk — k) — nA¥k)
11: Ak+L/2 = % ngsk-%-l/Z (Fj(zk+l) - Fg(wk))

+F(w")

12: yH = yF - oW @ Ia)(2*! — BAFT? —yk))
otl {z’“, with probability p

% R D Ry

13: =
hd wk,  with probability 1 — p

14: end for
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Optimal algorithms: fixed network

Algorithm 2
1: Parameters: Stepsizes 7)., 7y, .,6 > 0, momentums
o,7,w,T, parameters v, 3, batchsize b € {1,...,n},

probability p € (0, 1)

2 Irutlallzatlon Choose z° = w € (dom M, y% €
(]R'l)M x € L' Putz
y’ xl_xl_x mq*l)dM

3: fork = 0 1,2,...do

4:  Sample ]fnvl, ]"L , independently from [n]

5o S =ik dhe}

6:  Sample 11’:’11/2, e ,]kﬂﬂ independently from [n]

TR T o o

8 F=lYa (F, (z") — F;(wh1)

+alF;(24) — Ty (25 1)]) + Fwh~1)
9 Ak =gk —vzk —yk —a(y* —y*1)
10: zM! = prox, o (2F +w(wk — 2F) — n,A¥)
11: y‘j:ryk-f—(l—-r)y?
122 xb=rxk+(1-7)xk
13 Ap=vt (y +x8) + 2+ (yF +xF +vab)
14 GKFI2 = L5 eia (Fy(2HY) — Fy(wh))
+F(wk)
15 A% = v (yh+xk) 4 Bt + okr1/2)
16: y‘“*1 = y - mAy
17: xFl=xk— (WT(Tk) ® La)(n:A5 +m*)
18 mFtl = Ak 4 mk
—(Wr(Tk) ® L) (n:A + m*)
19: yhH =yk4r(yH —yk)
200 Xk = xk — O(Wr(Tk) @ 1) vk + xF)
{z‘“, with probability p

k

. k+1 _
2 W=\ Wk, with probability 1 — p

22: end for
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Quantization and compression

Definition (Quantization)

A stochastic operator Q : RY — R is called quantization if there exists a
constant g > 1 such that

Q2) =z EIQE)I*<qlz|? VzeR”

Expected/average compression (how much less the compressed vector takes
up in memory): 371 def leb'“ Note that 8 > 1.

RE

Definition (Compression)

(Stochastic) operator C : RY — R is called compression if there exists
0 > 1 such that

E|C(2) - 2I? < (1 - 1/8)|l2l°, vz € RY.

Expected/average compression (how much less the compressed vector
g1 def E[|C(2)|lbits
_ lIz]lbits -
Examples: Greedy choice of coordinates, low-rank decompositions,
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|deas

® For example, quantized extragradient method

M

Zk+1/2 — Zk — - % Ql(Fm(Zk))
m=1

M
1
k+1 k E: k+1/2
_V'M 102(,:( /))

e Different @ are taken here. In fact it can be the same operator in
terms of physics, but with different or the same randomness.
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|deas

® Good idea: variance reduction.
® Non-distributed problem:

1 n
in > f
zn;IIRnd n ; (Z)
And the next method:
2 = 2K — oy (Vi (29) = Vi, (W5) + VF(wh))

w — k

ki1 wk  with prob. T
z% withprob 1-—7
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MASHA1

Algorithm 1 MASHA1

Parameters: Stepsize v > 0, parameter 7 € (0; 1), number of iterations K.
Initialization: Choose 20 = w° € Z.
Devices send F},, (w®) to server and get F'(w®)
fork=0,1,2,..., K —1 do
for each device m in parallel do
22 = 12k 4 (1 — 1)wk — yF(wh)
Sends gF, = Q¥ (Fyn (2F7Y/?) — F,,(w")) to server
end for
for server do
Sends to devices gF = Q%™ [ 7 Zm 1 gm}

Sends to devices one bit by, : 1 with probability 1 — 7, 0 with with probability 7
end for
for each device m in parallel do
Pl = k12 gk
If by = 1 then w**! = 2*, sends F, (w**!) to server and gets F'(w**1)
else wh*! = wk
end for
end for
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Convergence MASHA1

e Convergence of MASHATL in transmitted information:

O([L+ /71 + 5 - illog 2):

® Extragradient without quantization:
Lng 1Y
O(ﬁ |Og g),

® Quantization gives boost.
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Compression the same?

e Consider the following distributed problem with M = 3, d = 3 and
local functions:

A(w) = (a,w)* + gllw|?, fa(w) = (b,w)* + Zllw|?, f(w) = (c,w)* + z|w]|
where a =(-3,2,2), b=(2,-3,2) n c = (2,2, -3).
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Compression the same?

e Consider the following distributed problem with M = 3, d = 3 and
local functions:

f(w) = (a,w)? + zwl?, fo(w) = (b,w)? + gllwl?, (w) = (c,w)® + F[lw]

where a =(-3,2,2), b=(2,-3,2) n c = (2,2, -3).
® Question: where is her optimum?
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Compression the same?

e Consider the following distributed problem with M = 3, d = 3 and
local functions:

f(w) = (a,w)? + zwl?, fo(w) = (b,w)? + gllwl?, (w) = (c,w)® + F[lw]

where a =(-3,2,2), b=(2,-3,2) n c = (2,2, -3).
¢ Question: where is her optimum? (0,0, 0).
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Compression the same?

e Consider the following distributed problem with M = 3, d = 3 and
local functions:

f(w) = (a,w)? + zwl?, fo(w) = (b,w)? + gllwl?, (w) = (c,w)® + F[lw]

where a =(—3,2,2), b=(2,-3,2) n c = (2,2, -3).

® Question: where is her optimum? (0,0, 0).

® et the starting point wy = (¢, t, t) for some t > 0. Then the local
gradients are:

Vﬁ(WO) = %(_117979)7 VfZ(WO) = %(97 _1179)7 v'%(VVO) - %(9797 _11)

® Question: what will the QGD (gradient descent with compressions)
step look like if we use Topl compression?
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Compression the same?

e Consider the following distributed problem with M = 3, d = 3 and
local functions:

f(w) = (a,w)? + zwl?, fo(w) = (b,w)? + gllwl?, (w) = (c,w)® + F[lw]

where a =(—3,2,2), b=(2,-3,2) n c = (2,2, -3).

® Question: where is her optimum? (0,0, 0).

® et the starting point wy = (¢, t, t) for some t > 0. Then the local
gradients are:

Vﬁ(WO) = %(_117979)7 VfZ(WO) = %(97 _1179)7 v'%(VVO) - %(9797 _11)

® Question: what will the QGD (gradient descent with compressions)
step look like if we use Topl compression?

11 11
w1 :(t,t,t)‘i")/'g(t,t,t): (1+6fy) wo.

® \We move away from the solution geometrically for any v > 0.
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Error compensation

® | et's try to remember what we didn't pass on in the communication
process:
er,m =0+ vFm(20) — C(0 + 7Fm(20)).
® And add this to future parcels:

C(er,m + YFm(z1))

In an arbitrary iteration, it is written as follows:

Parcel: C(ex,m + vFm(wk)),
ek+1,m = €k,m + VFm(2k) — C(ek,m + vFm(zx))

This technique is called error compensation (error feedback).
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MASHA2 ans komnpeccuii

Algorithm 2 MASHA2

Parameters: Stepsize v > 0, parameter 7, number of iterations K.
Initialization: Choose 2° = w® € 2, €% =0, ¢® = 0.
Devices send F,, (w°) to server and get F'(w")
fork=0,1,2,...,K —1 do
for each device m in parallel do
2K 2 = 12k 1 (1 — )Wk — yF(w")
Sends gk, = C9V(yF,, (2K71/2) — v F, (wh) 4 €F)) to server
et = e, + Y Fp (ZFH2) =y B (wh) — gp,
end for
for server do

Sends to devices g* = C™ [% Z%[:l gk + ek]

M
ekl _ ok fﬁzmﬂgfn 7gk. .
Sends to devices one bit by, : 1 with probability 1 — 7, 0 with with probability 7

end for
for each device m in parallel do
SRl kt1/2 ok
If by, = 1 then w*+! = 2%, sends F,,, (w**1) to server and gets F'(w"+1)
else wktl = wk
end for
end for
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Convergence MASHA?2

Convergence of MASHA?2 in transmitted information:

O([1 + ;log 2);

Convergence of MASHAL in transmitted information:

O([L+ /3 + 5 - llog 2);

Extragradient without quantization:

O(;; log 1);

® Compression does not give boost in theory.
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® The operators {F,} is d-related in mean. It means that for any j
operators {F, — Fj} is 6-Lipschitz continuous in mean, i.e. for all u, v
we have

M
1
17 2 1Fm(u) = Fi(u) = Fin(v) + F(V)|* < 6%[lu — v||?.
m=1
® Comes from hessian (second derivatives similarity):

IV2n(2) = V2£i(2)I| < 6

® Natural assumption since from Hoeffding: § = O(L/V'b) or even
0 = O(L/b), where b is the number of local data points on each of
the devices.
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Method for data similarity

e Mirror descent for minimization problems:

zk"!‘l = arg min (’y(Vf(Zk), W> + V(W,Zk)) )
weRd

where V(x,y) is the Bregman divergence generated by the function
©(x) (here we need to require that f; is convex):

o) = () + 3 x>

The function f; is stored on the server.
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Method for data similarity

e Mirror descent for minimization problems:

V4

k1 — arg min (v(Vf(zk), w) + V(W,Zk)) ,

weRd

where V(x,y) is the Bregman divergence generated by the function
©(x) (here we need to require that f; is convex):

o) = () + 3 x>

The function f; is stored on the server.

® What is the number of communications that occur in K iterations of
such a mirror descent? K of communications (the number of gradient
counts V), computing arg min requires only computations on the
server.
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Convergence for data similarity: theorem

Theorem (convergence for data similarity)

Let f be strongly convex, f; be convex, and ¢ be smooth, and

o(w) = fi(w) + d||w]||?, then mirror descent with step v = 1 converges
and is satisfied:

K
* 'LL *
< — .
V(w*, wk) < (1 M+25> V(w*, wp)
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Convergence for data similarity: theorem

Theorem (convergence for data similarity)

Let f be strongly convex, f; be convex, and ¢ be smooth, and

o(w) = fi(w) + d||w]||?, then mirror descent with step v = 1 converges
and is satisfied:

K
* 'LL *
< — .
V(w*, wk) < (1 M+25> V(w*, wp)

® |t means that if we need to achieve an accuracy ¢ (V(w*, wx) ~ ¢),
then we need to

K= ([1 + 6] log V(W’WO)> communications.
w €
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Similarity + compression

® Double kill of two ideas

Algorithm 1 Three Pillars Algorithm

Parameters: stepsizes y and 77, momentum 7, probability p € (0; 1], number of local steps H;
Initialization: Choose 2° = m® = (2°,3°) € Z;

1: fork=0,1,...,K —1do
2 Server takes uf = z*;
3 fort=0,1,...,H —1do
4 Server computes u}, 12 = proj; [uf — n(Fi(uf) — Fi(m*) + F(m*) + L(uf — 2F — 7(m* — 27)))];
s: Server updates ', = proj 5 [uf — n(Fy (uk,/2) — Fy(m") + F(m¥) + 1 (uk,, , — 2% — r(m¥ = 29)];
6 end for
7 Server broadcasts u¥; and F' (uf;) to devices;
8 Devices in parallel compute Q; (F;(m*) — Fi(m*) — F;(u¥;) + F1(uf;)) and send to server;
9 Server updates z"+1 = proj z [uf +v- 231 Qi (Fi(mF) — Fy(m*) — Fy(ufy) + Fy (ufy))];
o+ 2", with probability p,
10: Server updates mF*! = {m“ it p”mbdblm; LP, ;
11:  if mFtl = 2% then
12: Server broadcasts m**! to devices;
13: Devices in parallel compute F;(m*) and send to server;
14: Server computes F(m"+1) = L3S0 | Fy(mk+1);
15: end if
16: end for
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